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Abstract:
We obtain a first order post-Minkowskian two-body effective potential whose post-
Newtonian expansion directly reproduces the Einstein-Infeld-Hoffmann potential. Post-
Minkowskian potentials can be extracted from on-shell scattering amplitudes in a quan-
tum field theory of scalar matter coupled to gravity. Previously, such potentials did not
reproduce the Einstein-Infeld-Hoffmann potential without employing a suitable canon-
ical transformation. In this work, we resolve this issue by obtaining a new expression
for the first-order post-Minkowskian potential. This is accomplished by exploiting the
reference frame dependence that arises in the scattering amplitude computation. Fi-
nally, as a check on our result, we demonstrate that our new potential gives the correct
scattering angle.
Keywords: Two body potential in General Relativity, Gravitational waves, Post
Newtonian and Post Minkowskian expansions
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1 Introduction
The calculation of two-body effective potentials for the conservative dynamics of binary
systems from on-shell scattering amplitudes is, by now, a well established technique.
After its debut [1] in the Post-Newtonian (PN) perturbative framework of General Rela-
tivity [2], this method has been mostly employed in the context of the Post-Minkowskian
(PM) expansion [3–6]. Indeed, since this technique does not require a non-relativistic
(NR) expansion on the typical velocity of the system v, a Post-Minkowskian approach
where the Newton’s constant G is identified as the one and only perturbative param-
eter of the theory, allows us to obtain the most comprehensive two-body interaction
potential that we could build from scattering amplitudes.
– 1 –
In dealing with gravitationally bound states like compact binaries, the virial theo-
rem tells us that kinetic and potential energies must share the same order of magnitude,
i.e.
GM
rc2
∼ v
2
c2
,
M being the total mass of the system. Therefore, there is no straightforward way
to determine whether keeping all order in velocity would effectively bring an increase
in accuracy. Nevertheless, PM results for the conservative two-body dynamics have
proved to be quite promising [7], both as an input for effective one-body models and
as a mean to crosscheck and supplement the preexisting PN results. Specifically in
view of the latter purpose, it is important to elucidate how the PM potentials behave
once non-relativistically expanded, especially if we want to extract out of them the
corresponding terms in the PN expansion. With the intention of clarifying this aspect
of PM calculations from scattering amplitudes in the simplest possible conditions, this
work will be focused on the NR limit of the first order PM potential.
We will start by briefly reviewing how PM potentials are obtained in general,
pointing out the mismatch between the NR limit of present 1PM potentials and the
associated PN results. Then we will show how the reference frame dependence of
the potential can be exploited to find a new expression for the 1PM potential that,
once expanded for small velocities, directly reproduces the well-known Einstein-Infeld-
Hoffmann 1PN potential [8]. Extending this nice feature to higher PN orders seems a
more challenging task and we leave it for future work. Here we will instead reproduce
higher PN orders by means of a simple canonical transformation. Finally we will check
the physical consistency of our new 1PM potential against the ones already present in
the literature, by showing that from it one can obtain the correct scattering angle (see
for example [5, 9, 10]).
The computation of the scattering angle for non-relativistic quantum mechanical
Hamiltonians has a long history. Typically, the interest has been mainly focused on
finding approximate (semi-classical) solutions, first through the WKB-approximation,
later by considering the eikonal limit (see, e.g., refs. [11–13]). Amplitudes methods
have been used more recently to compute scattering angles [14] and we will adopt here
the approach of ref. [15].
In this paper, following the vast majority of works on this subject, we leave aside
all the finite-size 1 and spin effects 2, that could fit the proper description of some
astrophysical binary systems.
1See ref. [16] and the recent ref. [17] for works on how to include finite-size effects.
2See Refs. [18, 19] for recent attempts to include the spin.
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2 Post-Minkowskian potential
Within the PM scheme, the general two-body effective Hamiltonian for a system of two
compact objects gravitationally bound to each other, in the point-particle approxima-
tion can be written as
HPM(p1,p2, r) =
√
p1c
2 +m21c
4 +
√
p2c
2 +m22c
4 +
+∞∑
n=1
VnPM(p1,p2, r) , (2.1)
where an effective gravitational potential organized in a PM expansion (i.e. in powers
of G) is added to the free-particle energies. Momenta and masses of the two objects
are labeled as p1,2 and m1,2 while r ≡ x1 − x2 stands for their radial separation. At
the 1PM order and selecting the center of mass reference frame we get
H1PM(p, r) =
√
p c2 +m21c
4 +
√
p c2 +m22c
4 + V1PM(p, r), (2.2)
with p ≡ p1 = −p2. The interaction potential represents the only non-trivial part
of the Hamiltonian. Its determination at any given PM order can be accomplished
within the framework of on-shell scattering amplitudes [3–6] and we will now describe
the main features of this derivation.
The underlying theory, upon which the whole method is based, is a quantum field
theory of gravity where in general gravitons are coupled to quantum fields whose degrees
of freedom reflect the properties of the systems we wish to describe. In particular, the
standard choice for the action is [3]
S =
∫
d4x
√−g
[
R
16piG
+
1
2
∑
a=1,2
(
gµν∂µφa∂νφa −m2aφ2a
)]
. (2.3)
Here the pure gravity sector can be limited to the Einstein-Hilbert term without renor-
malizability concerns, since the classical, low energy physics we are interested in is
unaffected by higher order terms in the curvature. The remaining parts introduce a
minimal gravity-matter coupling in terms of two real scalar fields φ1,2, with masses
m1,2 corresponding to the two astrophysical objects we want to describe. The minimal
coupling relies on the point-particle approximation and is effectively meaningful only
when dealing with really compact objects like black holes 3. Moreover, the fact that
we work with scalar fields specializes our description to compact binaries whose black
holes are Schwarzschild black holes 4.
3Even for relatively compact objects such as neutron stars, finite-size effects [16, 17] start to be
important [20].
4The extension of this approach to Kerr black holes requires the inclusion of spin effects [18, 19].
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As for the metric, the standard quantization scheme involves a perturbative expan-
sion around the flat Minkowskian metric ηµν , namely
gµν = ηµν +
√
32piGhµν ,
gµν = ηµν −
√
32piGhµν + 32piGhµρh νρ +O(
√
G3) ,
(2.4)
where the small fluctuation hµν is identified as the graviton field.
After a gauge fixing choice, which is typically the De Donder gauge corresponding
to adding the following additional term in the action
SGF =
∫
d4x
(
∂ρhρα − 1
2
∂αh
)2
, (2.5)
the Feynman rules of this theory can be unambiguously derived (they can be found for
example in ref. [21]), thus allowing for the diagrammatic computation of the scattering
amplitudes.
The relevant process for the derivation of the potential is a scattering process
involving only matter fields, i. e. of the type
φ1φ2 → φ1φ2, (2.6)
with one or more gravitons in the internal propagators. Not all the terms in the
amplitudes relative to this process are needed, but only those that encode a long-range
and classical interaction. More precisely, the long-range condition is satisfied only when
a pole in q2 is present, where q is the momentum transfer. Analytical terms in q would
provide local or ultra-local contributions to the potential, namely proportional to a
Dirac delta or its derivatives. The classical requirement is somewhat more subtle and
entails selecting those components that depend on the dimensionless ratios m1,2/
√
q.
This is due to a compelling cancellation of ~ that arises in the loop expansion of
processes involving an interplay between massive and massless particles, whenever the
aforementioned ratio is present. For more details on this ~ cancellation we refer to the
thorough analysis of ref. [22].
These conditions greatly simplify the task of computing the required classical con-
tributions of the quantum amplitude. Moreover, they enable the use of modern tech-
niques for the evaluation of amplitudes in the spinor-helicity formalism, whose foun-
dations are generalized unitarity [23] and double-copy relations [24]. In this scheme,
gravity tree amplitudes are obtained from the simpler gauge-theory ones and then they
are employed to evaluate the singular part of the corresponding loop amplitudes. In
ref. [9] such methods have been used to compute gravity amplitudes up to two loops.
The specific link between those amplitudes and the potential can be established
through the following equivalent procedures:
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• Matching order by order the on-shell amplitudes of the full theory discussed above
with those that come from an effective field theory of two NR scalar fields A and
B described by the Lagrangian
L =
∫
d3k
(2pi)3
[
A†(−k)
(
i∂t −
√
k2 +m2A
)
A(k) +B†(−k)
(
i∂t −
√
k2 +m2B
)
B(k)
]
+
+
∫
d3k
(2pi)3
d3k′
(2pi)3
V (k, k′)A†(k)A(k′)B†(−k′)B(−k) ,
(2.7)
where V (k, k′) is the sought potential. This was originally proposed in ref. [4],
in the first PM potential derivation from scattering amplitudes, and then in ref.
[9] it has been employed to compute up to the 3PM potential.
• Adapting the Born series formalism, that is commonly used in NR quantum me-
chanics, to the relativistic case. Under the conditions at hand for the considered
scattering process, this generalization can be easily accomplished. If we label
the initial and final scattering states as |p1, p3〉 and |p2, p4〉 respectively, the Born
series that gives the momentum space potential reads
〈p2, p4|V |p1, p3〉 =M(p1, p2, p3, p4)+
− lim
ε→0+
∫
d3k1
(2pi)3
d3k2
(2pi)3
M(p1, p3, k1, k2)M(k1, k2, p2, p4)
Ep1 + Ep3 − Ek1 − Ek2 + iε
+ ... ,
(2.8)
where M is the full on-shell amplitude of the process (2.6) and ki =
(
Eki/c,ki
)
.
Then the potential at any order N in the PM expansion can be determined by
extracting the O(GN) contributions in the right hand side of eq. (2.8), according
to the simple correspondence
N -loop amplitude ⇐⇒ O(GN+1) contributions.
This method was first introduced in ref. [5] and used to compute the potential
up to the 2PM order.
Indeed in both these schemes the amplitudes are needed only in their long-range and
classical parts.
Finally, the resulting potential in momentum space can be recasted in its usual
position space expression with a Fourier integration on q, the spatial component of the
momentum transfer.
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2.1 The 1PM Potential
Let us now focus on the 1PM potential. In this approximation the link amplitudes-
potential is quite simple: the long-range, classical part of the tree-level amplitude
corresponds directly to the momentum space expression of the potential. From a di-
agrammatic point of view, since there are no annihilation channels to deal with, this
tree amplitude consist of a single Feynman diagram that one can readily evaluate:
M tree(p1, p2, p3, p4) = =
4piG√
E(p1)E(p2)E(p3)E(p4)
C(p1, p2, p3, p4)
q2
,
(2.9)
where the contraction C between the pair of scalar-graviton vertices and the numerator
of the graviton propagator turns out to be
C(p1, p2, p3, p4) = (p1 · p3)(p2 · p4) + (p1 · p4)(p2 · p3)− (p1 · p2)(p3 · p4)+
+ (p3 · p4)m21c2 + (p1 · p2)m22c2 − 2m21m22c4 .
(2.10)
The next step is the Fourier transform that leads to the position space potential.
While the on-shell amplitude is clearly reference frame invariant, the Fourier trans-
form is not, since in performing it, it becomes important how 4-momenta and energies
actually depend on q.
Usually Fourier transforms are carried out in the center of mass reference frame
with the momentum transfer defined through:
qµ ≡ (p1)µ − (p2)µ = (p4)µ − (p3)µ = (0, q) , (2.11)
with a zero time component compatible with energy conservation. With this choice the
denominator of the graviton propagator becomes simply
1
q2
= − 1|q|2 . (2.12)
At the same time, external 4-momenta are written as
(p1,3)
µ = (E1,2,±p) , [incoming]
(p2,4)
µ = (E1,2,±p′) , [outgoing]
(2.13)
where
E1,2 = c
√
p2 +m21,2c
2 , p′ = p− q . (2.14)
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In other words the dependence of the external 3-momenta on q, which then reflects
itself on 4-momenta and energies, is limited to the final states:{
p1 = −p3 = p
p2 = −p4 = p− q
. (2.15)
As we will see, in the center of mass reference frame this is not the only possible choice
of momenta. Under these conditions one has[
M tree(q)
]
long-range
classical
=
4piG
E1E3
m21m
2
2c
4 − 2(p1·p3)2
|q|2 . (2.16)
The only q-dependent quantity left is the absolute square in the denominator, so that
the simple Fourier transform ∫
d3q
(2pi)3
e−iq·r
|q|2 =
1
4pir
(2.17)
gives directly the position space 1PM potential
V
[lit.]
1PM(p, r) = −
G
E1E2
2(p1 · p3)2 −m21m22c4
r
, (2.18)
where, with respect to the binary system of astrophysical bodies, we can regard p as
their momentum in the center of mass frame and r as their radial separation. This is
the 1PM result for the potential on which refs. [4, 5, 9] agree upon.
2.2 Issues With the NR Limit of the PM potential
The 1PM potential (2.18) contains all orders of 1/c2 in the c → ∞ expansion while
being at the first order in the Newton’s constant G. Therefore, one would expect its NR
expansion should reproduce all the O(G) terms of the potential encompassed by the
PN Hamiltonian currently used in gravitational wave astronomy [25, 26]. At present
the PN Hamiltonian has been computed up to 5.5PN order [27].
However, if we take the result (2.18) and evaluate its NR expansion up to order
O(1/c2) we find
V
[lit.]
1PM(p, r) = −
Gm1m2
r
− Gm1m2
2rc2
(
3
p2
m21
+ 3
p2
m22
+ 8
p2
m1m2
)
+O(1/c4) . (2.19)
We can then compare this result to the well-know 1PN potential, first found by Einstein-
Infeld-Hoffmann in ref. [8], namely
V1PN = −Gm1m2
r
− Gm1m2
2rc2
[
3p2
m21
+
3p2
m22
+
7p2
m1m2
+
(p · rˆ)2
m1m2
]
+O(G2) . (2.20)
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As it clearly appears, these two results are generally different, unless one assumes p
to be directed along rˆ = r
r
, the radial separation direction. This apparent mismatch
does not imply that the potential (2.19) is incorrect. Indeed, it is well-known that
the two potentials (2.19) and (2.20) are related by a canonical coordinate remapping.
More generally, it is discussed in ref. [9] how a suitable canonical transformation can
establish the consistency between their 3PM potential and the 4PN one.
Nevertheless, in virtue of the theoretical possibility of finding unprecedented PN
results from the NR expansion of the PM ones, it would be preferable to have PM
potentials which present a priori a NR behaviour consistent with what has been already
computed in the PN framework. In the following section we will show how the the 1PM
potential can be modified in this sense, while leaving untouched the De Donder gauge
fixing.
3 A New Expression For the 1PM Potential
We start with a modified expression of the four momentum transfer, still compatible
with the conservation laws. Instead of (2.11) we use 5
q =
(√
(E1 − E2)(E4 − E3)
c
, q
)
. (3.1)
Here the time component is written in a form that satisfies in general energy conserva-
tion and that is symmetric with respect to the pair of particles involved in the scattering
process. The denominator of the graviton propagator (2.12) becomes
1
q2
=
1
q20 − |q|2
=
c2[
E(p1)− E(p2)
][
E(p4)− E(p3)
]− |q|2c2 . (3.2)
Surprisingly, this is enough to significantly change the expression of the long-range
classical part of the tree level amplitude. In fact, if we specify the 3-momenta as in
(2.15), we end up with[
M tree(q)
]
long-range
classical
=
4piG
|q|2
m21m
2
2c
4 − 2(p1·p3)2
E1E3
1
(p·qˆ)2
E1E3
+ 1
+
A
(
p2, (p·q))
|q| , (3.3)
where qˆ = q
q
. In the second term on the right hand side of (3.3) A is a function of p2
and (p·q) is explicitly given in Appendix A. By checking its expression in the NR limit
5This is a particular case of the generalized propagator introduced by Hiida and Okamura in
ref. [28], and later taken into account also in ref. [29]. According to their notation, we are considering
the propagator which follows after having fixed the gauge parameter x to 1.
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one discovers a series of terms proportional to odd powers of (p·q). These, together
with the |q| in the denominator, lead to ratios that once Fourier transformed result in
imaginary terms. For example at order O(1/c2), a contribution of the following type
occurs ∫
d3q
(2pi)3
p · q
q2
e−iq·r = i
p · r
4pir3
. (3.4)
The resulting imaginary terms are not surprising in a scattering amplitude, but they
cannot be accepted as parts of a classical potential. We then have to look for a choice
of the momenta alternative to (2.15) that could solve this issue. To this end we repeat
the computation above in a generically parameterised reference frame:{
p1 = −p3 = p+ aq
p2 = −p4 = p+ (a− 1)q
, (3.5)
where a is a free real parameter. In doing so, we retrieve the amplitude (3.3) but with
a difference, an overall factor (2a − 1) in front of the term proportional to A. Clearly
this means that we can get rid of all the imaginary terms mentioned above by simply
setting a = 1/2. Therefore the final expression for the 3-momenta is{
p1 = −p3 = p+ q/2
p2 = −p4 = p− q/2
, (3.6)
with the q-dependence now equally distributed to initial and final momenta. Accord-
ingly, the new amplitude reads[
M tree(q)
]
long-range
classical
=
4piG
|q|2
[
m21m
2
2c
4 − 2(p1·p3)2
E1E3
1
(p·qˆ)2
E1E3
+ 1
]
|q|=0
. (3.7)
This is precisely the first term of (3.3), where now the quantities inside the square
brackets are evaluated at |q| = 0 since in the new reference frame, unlike in the previous
one, 4-momenta and energies actually depend on q.
As usual the next step is to Fourier transform. Aside from all the q-independent
quantities that can be moved outside the integral, this means to evaluate∫
d3q
(2pi)3
1
|q|2
e−iq·r
1 + α(p · qˆ)2 , (3.8)
where for the sake of compactness we have defined:
α ≡ c
2
[E(p1)E(p3)]|q|=0
=
1√
p2 +m21c
2
√
p2 +m22c
2
. (3.9)
– 9 –
Then, by noting that
α(p · qˆ)2 = (p · qˆ)
2√
p2 +m21c
2
√
p2 +m22c
2
≤ |p|
2√
p2 +m21c
2
√
p2 +m22c
2
< 1 (3.10)
we can rewrite the integrand in (3.8) using
1
1 + α(p · qˆ)2 =
+∞∑
n=0
(−1)nαn(p · qˆ)2n (3.11)
and evaluate the Fourier transform term by term:[
(p · qˆ)2n
|q|2
]
FT
≡
∫
d3q
(2pi)3
(p · qˆ)2n
|q|2 e
−iq·r =
1
4pir
(2n)!
22n(n!)2
[
p2 − (p · rˆ)2]n , (3.12)
for a non-negative integer n. In this way we find∫
d3q
(2pi)3
1
|q|2
e−iq·r
1 + α(p · qˆ)2 =
1
4pir
+∞∑
n=0
(−1)n (2n)!
(n!)2
[
α
p2 − (p · rˆ)2
4
]n
=
=
1
4pir
1√
1 + α[p2 − (p · rˆ)2] .
(3.13)
The last equality holds since
+∞∑
n=0
(−1)n (2n)!
(n!)2
zn =
1√
1 + 4z
for |z| < 1
4
(3.14)
and, just like it was shown in (3.10), we have
α
[
p2 − (p · rˆ)] < 1 . (3.15)
In conclusion our final result for the position space 1PM potential in the center of
mass frame is
V1PM(p, r) = −G
r
[
2(p1 · p3)2 −m21m22c4
E(p1)E(p3)
1√
1 + c
2
E(p1)E(p3)
[
p2 − (p · rˆ)2]
]
|q|=0
. (3.16)
Interestingly, we can rewrite (3.16) as
V new1PM = V
lit.
1PM ×
(
1 +
p2 − (p · rˆ)2√
p2 +m21c
2
√
p2 +m22c
2
)− 1
2
(3.17)
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where V lit.1PM is the known 1PM potential (2.18). Moreover, thanks to the dimensionless
additional factor multiplying V lit.1PM, the NR expansion now gives
V1PM(p, r) = −Gm1m2
r
− Gm1m2
2rc2
[
3p2
m21
+
3p2
m22
+
7p2
m1m2
+
(p · rˆ)2
m1m2
]
+O(1/c4) (3.18)
which exactly reproduces the O(G) terms of the 1PN Einstein-Infeld-Hoffmann poten-
tial (2.20). This is enough to reestablish the complete matching with the 1PN potential
as a whole, since the static term
G2m1m2(m1 +m2)
2r2c2
is already correctly reproduced by every 2PM potential derived with the scattering
amplitude method in the literature [4, 5, 9]. The new 1PM potential (3.16) represents
the main result of this Letter.
4 NR limit beyond the 1PN order
The extension of this convenient direct match between the NR limit of the 1PM poten-
tial (3.16) and the PN results available in the literature to include higher order in the
PN expansion is not however immediately obvious and requires further investigation.
From ref. [30], the paper which first presented a 2PN two-body Hamiltonian, we
can extract the O(G/c4) component of the 2PN potential in the center of mass frame
which is given by
V
[O(G/c4)]
2PN =
Gm1m2
8rc4
(
5p4
m41
− 13p
4
m21m
2
2
− 3(p·rˆ)
4
m21m
2
2
− 2p
2(p·rˆ)2
m21m
2
2
+
5p4
m42
)
. (4.1)
By comparing the non-relativistic expansion of our 1PM potential with (4.1), the fol-
lowing discrepancy arises:
D4 ≡ V [O(G/c
4)]
1PM − V [O(G/c
4)]
2PN =
G
2c4r
(
1
m1
+
1
m2
)2[
p4 − p2(p · rˆ)2] =
=
4piG
c4
(
1
m1
+
1
m2
)2[
(p · qˆ)2
|q|2
]
FT
p2.
(4.2)
We haven’t yet been able to find any obvious adjustment of our 1PM potential
such that the discrepancy (4.2) end up being resolved. Very likely, since PN results are
not found in the harmonic gauge, here the problem lies in the gauge fixing choice. We
discuss this issue further in the Conclusion.
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What we could do for the time being (for now) is to check) whether and how the
correct NR limit of our 1PM potential could be obtained by performing some kind of a
posteriori canonical transformation. We have done this up to the 4PN order. Clearly
such a transformation should not be restricted to the potential only, but extended also
to the other component of our effective Hamiltonian, the free-particle one. The latter
is precisely the part of the Hamiltonian which could in principle provide the desired
correction. Indeed, since our Hamiltonian reproduces the expected NR limit up to the
1PN order, the transformation we look for has to be proportional, at least, to G/c4:
• if a factor G is not included, the NR limit of the free-particle energy results is
unavoidably spoiled.
• if at least a factor 1/c4 is not included, the Newtonian and the 1PN parts of the
potential are spoiled.
Therefore the additional O(G) terms that we need in order to fix the NR behaviour
of our potential could only come from the canonically transformed O(G0) part of our
Hamiltonian. Bearing this in mind, the canonical transformation which resolves the
discrepancy (4.2) relative to the 2PN order is uniquely determined:{
p→ [1− A4(p, r)]p
r → [1 + A4(p, r)]r (4.3)
where the scalar function A4(p, r) in terms of the Fourier transforms (3.12) reads
A4(p, r) =
4piG
c4
(
1
m1
+
1
m2
)2[
(p · qˆ)2
|q|2
]
FT
(4.4)
The matching with the 3PN and 4PN potentials found, for example, in ref.s [25, 26]
can be restored with the exact same procedure: starting from the nPN discrepancy
D2n ≡ V [O(G/c
2n)]
1PM − V [O(G/c
2n)]
nPN (4.5)
we find the respective scalar function A2n(p, r) that should be added to the canonical
transformation (4.3). Our final result is
p→ [1− 4∑
n=2
A2n(p, r)
]
p
r → [1 + 4∑
n=2
A2n(p, r)
]
r
(4.6)
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where, in addition to (4.4), we find
A6(p, r) = −2piG
c6
(
1
m31
+
1
m32
)[
(p · qˆ)2
|q|2
]
FT
p2 − 4piG
c6
1
m1m2
(
1
m1
+
1
m2
)[
(p · qˆ)4
|q|2
]
FT
(4.7)
and
A8(p, r) = −piG
c8
1
m1m2(m1 +m2)
(
1
m21
+
1
m22
){
7
8
[
1
|q|2
]
FT
p6 +
1
4
[
(p · qˆ)2
|q|2
]
FT
p4
}
+
+
piG
c8
1
m21m
2
2
(
1
m1
+
1
m2
){
4
[
(p · qˆ)4
|q|2
]
FT
p2 + 6
[
(p · qˆ)6
|q|2
]
FT
− 2
[
(p · qˆ)8
|q|2
]
FT
1
p2
}
+
+
3piG
2c8
(
1
m51
+
1
m52
)[
(p · qˆ)2
|q|2
]
FT
p4 − 4piG
c8
1
m21m
2
2(m1 +m2)
[
(p · qˆ)2
|q|2
]
FT
p4
(4.8)
We studied the transformation (4.6) also under two particular choices for the masses
m1 and m2. This is the content of Appendix B.
5 1PM Scattering Angle With the New Potential
Starting from an effective Hamiltonian one can always obtain physical observables. In-
deed they must remain unaffected under any non-physical modification, thus providing
the perfect context to test the physical consistency of our newly found expression for
the 1PM potential given in eq. (3.16), compared to the one normally used in the lit-
erature. Along these lines, in this section we will compute the 1PM scattering angle
from our potential (3.16) and show that the resulting expression is consistent with the
known scattering angle that can be found in the literature [11–15, 31].
5.1 The Scattering Angle
Since in our setup the spin is not involved, we can restrict ourselves to the case where
the motion is lying on a plane. Accordingly, the momentum can be decomposed as
p2 = p2r +
L2
r2
, (5.1)
in terms of the radial momentum pr and the conserved angular momentum L. Once
pr is known, the scattering angle follows from the formula [5, 32]:
χ = −pi − 2
∫ +∞
rmin
dr
∂pr
∂L
, (5.2)
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where rmin corresponds to the minimum distance between the two scattering bodies.
Denoting with E the total conserved energy, we can extract the expression for the radial
momentum at order O(G) by solving perturbatively the equation
H(r,p) = c
√
p2 +m21 + c
√
p2 +m22 + V1PM(r,p
2) = E (Energy Conservation)
(5.3)
together with the momentum decomposition (5.1). In this way we find
p2r(r, L) = p
2
∞ −
L2
r2
+ P (1)
G
r
+O(G2) , (5.4)
where we defined the momentum at infinity, p∞, such that
E = c
√
p2∞ +m
2
1 + c
√
p2∞ +m
2
2 , (5.5)
and the 1PM coefficient can be derived from our expression for the 1PM potential
(3.16) and is given by
P (1) ≡ 4
(
p2∞ +
√
p2∞ +m
2
1c
2
√
p2∞ +m
2
2c
2
)2 − 2m22m22c4
E2
×
(
1 +
L2√
p2∞ +m
2
1c
2
√
p2∞ +m
2
2c
2 r2
)− 1
2
. (5.6)
We note that at this stage the new potential (3.16) modifies only the expression of
P (1) which differs from the one used in the literature just for the multiplicative adi-
mensional factor we isolated in the second line of (5.6). Nevertheless, this difference
has a remarkable impact in the computation of the scattering angle (5.2) because the
new factor features both an L and an r dependence. The first one is relevant for the
integrand in (5.2),
∂pr
∂L
= − L
2
r2pr(r)
+
G
2rpr(r)
∂P (1)
∂L
, (5.7)
while the r dependence affects the position of the inversion point rmin. In fact the
condition
pr(rmin) = 0 (5.8)
from which rmin is usually derived as the positive root, has now 6 solutions, and only
a perturbative treatment allows us to identify it. At order G we find
rmin = r0 −G r0P
(1)
∞
2p2∞
√
r20 + (α∞L)2
, (5.9)
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compactly written in terms of
r0 ≡ L
p∞
, P (1)∞ ≡
4
(
p2∞ +
√
p2∞ +m
2
1c
2
√
p2∞ +m
2
2c
2
)2 − 2m22m22c4
E2
,
α∞ ≡ 1√
p2∞ +m
2
1c
2
√
p2∞ +m
2
2c
2
.
(5.10)
Using this notation and the expression of pr given in (5.4) we get to the following result
for the scattering angle
χ = −pi + 2r0I1 +Gr0P (1)∞ α∞I2 (5.11)
where the integrals
I1 ≡
∫ +∞
rmin
dr
1
r
√
r2 − r20 +G
P
(1)
∞ r2
p2∞
√
r2 + (α∞L)2
(5.12)
and
I2 ≡
∫ +∞
rmin
dr
r(
r2 + (α∞L)2
) 3
2
√
r2 − r20 +G
P
(1)
∞ r2
p2∞
√
r2 + (α∞L)2
, (5.13)
have to be evaluated respectively at order O(G) and O(G0).
In both these computations we used∫ +∞
g(G)
dr f(r,G) =
∫ +∞
g(0)
dr f(r, 0) +G
(
∂
∂G
∫ +∞
g(G)
dr f(r,G)
) ∣∣∣∣∣
G=0
+O(G2) (5.14)
and
∂
∂G
∫ +∞
g(G)
dr f(r,G) = −f(g(G), G) ∂
∂G
g(G) +
∫ +∞
g(G)
dr
∂
∂G
f(r,G) . (5.15)
Carefully handling some divergences that cancel out among the various terms of these
integrals, we find
I1 =
pi
2r0
+G
P
(1)
∞
2p2∞
(
r20 + (α∞L)2
) +O(G2) ,
I2 =
1
r20 + (α∞L)2
+O(G) .
(5.16)
Therefore our final result for the scattering angle is
χ =
GP
(1)
∞ r0
p2∞
(
r20 + (α∞L)2
) + GP (1)∞ r0α2∞
r20 + (α∞L)2
+O(G2) =
GP
(1)
∞
Lp∞
+O(G2) (5.17)
which is in perfect agreement with the one computed in refs. [11–15, 31].
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6 Conclusion
In this paper we showed how the reference frame dependence in the derivation of
the 1PM potential enables one to find a new expression for the 1PM potential that
generalizes what was previously found in the literature. This results in an additional
dimensionless factor that should be multiplied to the standard 1PM potential and
that, in the non relativistic limit, directly and correctly reproduces the Einstein-Infeld-
Hoffman 1PN potential.
This nice feature is not immediately enjoyed by the higher PN orders and, at this
stage, we have been able to provide a canonical transformation from which one repro-
duces the PN potential up to the 4PN order, starting with the 1PM potential (3.16).
A future goal would be to provide an expression for the PM potential which, once ex-
panded for small velocities, gives automatically the known result in the PN expansion,
without the need of performing a canonical transformation. This would indeed be an
interesting task, although highly non-trivial: the PN results [25, 26, 30] we used as a ref-
erence are all obtained in ADM coordinates. Moreover in ref. [30] it was shown that the
approach that uses harmonic coordinates leads to a generalized acceleration-dependent
Lagrangian, which prevents the derivation of a proper associated Hamiltonian. There-
fore we believe that a possible resolution of this issue can be traced back to the gauge
choice. In this respect it should be mentioned that the possibility of directly reproduc-
ing PN results beyond the first order is likely lost already when one employs the linear
expanded metric (2.4). That is because such a choice limits the gauge fixing freedom
from the start to just the linearized gauges, which seem unsuitable for the purpose at
hand. All this considered, a resolution of this issue could require the development of
an alternative quantization procedure instead of the customary one we have adopted
here.
Nevertheless, by reproducing the correct 1PM scattering angle we have performed
a consistency check of our extended result for the 1PM potential that shows its physical
equivalence to the 1PM potential found previously in the literature [5, 9, 10].
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A The function A
In this appendix we give the explicit expression for the function A
(
p2, (p·q)) that
appears in Eq. (3.3). We can write
A
(
p2, (p·q)) = NumA
DenA
(A.1)
where
NumA = 2piG(p·q)
(
3m21m
2
2c
4 + 2p2(m21 +m
2
2)c
2
){[
2m21m
2
2c
4 + (m21 +m
2
2)E1E3+
+ 2p2
(
E1E3
c2
+ (m21 +m
2
2)c
2
)
+ 2p4
]
+ 4(p·q)2
[
p4
(
4
E1E3
c2
+ 5(m21 +m
2
2)c
2
)
+
+m21m
2
2c
4
(
2
E1E3
c2
+ (m21 +m
2
2)c
2
)
+ p2
(
(m41 + 6m
2
1m
2
2 +m
4
2)c
4 + 3(m21 +m
2
2)E1E3
)
+
+ 4p6
]}
,
(A.2)
DenA =
(E1E3)
2
c2
(
E1E3
c2
+ (p·q)2
)2
. (A.3)
B The canonical transform under particular conditions
In this appendix we will present how the canonical transformation (4.6) simplifies under
two specific choices for the masses m1 and m2 of the astrophysical bodies in the binary
system.
B.1 Case m1  m2
Here we consider the case where one of the two bodies has a mass much bigger than
the other. Because of the symmetry of our Hamiltonian under the exchange of the two
objects, that it is clearly reflected also in the transformation (4.6), it is not important
which one of the two masses is assumed to be the biggest. We arbitrarily choose it to
be m1. The scalar functions A2n(p, r) become
A4(p, r) =
4piG
c4
1
m2
[
(p · qˆ)2
|q|2
]
FT
, (B.1)
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A6(p, r) = −2piG
c6
1
m32
[
(p · qˆ)2
|q|2
]
FT
p2 − 4piG
c6
1
m1m22
[
(p · qˆ)4
|q|2
]
FT
, (B.2)
A8(p, r) = −piG
c8
1
m21m
3
2
{
7
8
[
1
|q|2
]
FT
p6 +
1
4
[
(p · qˆ)2
|q|2
]
FT
p4 − 4
[
(p · qˆ)4
|q|2
]
FT
p2 − 6
[
(p · qˆ)6
|q|2
]
FT
+
+ 2
[
(p · qˆ)8
|q|2
]
FT
1
p2
}
+
3piG
2c8
1
m52
[
(p · qˆ)2
|q|2
]
FT
p4 − 4piG
c8
1
m31m
2
2
[
(p · qˆ)2
|q|2
]
FT
p4.
(B.3)
Given the imposed constraint on the masses, the fact that the former symmetry (1 2)
is lost should not be a source of concern.
B.2 Case m1 = m2
Finally, we analyse the special case in which the two bodies share the same mass, hence
m1 = m2 ≡ m. The scalar functions A2n(p, r) greatly simplify and we find
A4(p, r) =
8piG
c4
1
m
[
(p · qˆ)2
|q|2
]
FT
, (B.4)
A6(p, r) = −8piG
c6
1
m3
{
1
2
[
(p · qˆ)2
|q|2
]
FT
p2 +
[
(p · qˆ)4
|q|2
]
FT
}
, (B.5)
A8(p, r) = −piG
c8
1
m5
{
7
8
[
1
|q|2
]
FT
p6 − 3
4
[
(p · qˆ)2
|q|2
]
FT
p4 − 8
[
(p · qˆ)4
|q|2
]
FT
p2+
− 12
[
(p · qˆ)6
|q|2
]
FT
+ 4
[
(p · qˆ)8
|q|2
]
FT
1
p2
}
.
(B.6)
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